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SYMPLECTIC AUTOMORPHISMS OF T ∗S2
PAUL SEIDEL
Abstract. Let T ⊂ T ∗S2 be the bundle of unit discs, which is a com-
pact symplectic manifold with boundary. Let S be the group of sym-
plectic automorphisms of T which are trivial near ∂T . In [5] it was
proved that pi0(S) contains an element of infinite order. This element is
given by the ‘generalized Dehn twist’ τ which is the monodromy map
of a quadratic singularity [2] (see also [4]). The fact that [τ ] has infinite
order is interesting because the class of τ in pi0(D), where D is the cor-
responding group of diffeomorphisms, has order two. This note contains
a short direct proof of the fact that S is weakly homotopy equivalent
to the discrete group Z, with τ as a generator. The proof proceeds by
compactifying T to S2 × S2. The topology of the symplectic automor-
phism group of S2 × S2 was determined by Gromov [3], and we use a
variant of his argument.
Let T ⊂ T ∗S2 be the space of cotangent vectors of length ≤ 1, and η
its standard symplectic structure. Let D be the group of diffeomorphisms
φ : T −→ T such that φ = id in a neighbourhood of ∂T , with the C∞-
topology, and S the subgroup of those φ which are symplectic (that is, they
preserve η).
Theorem 1. pi0(S) ∼= Z, and pii(S) = 1 for all i > 0.
The components of S cannot all be distinguished in D:
Corollary 2. The image of the map pi0(S) −→ pi0(D) is isomorphic to Z/2.
We will prove both results by compactifying (T, η) to S2×S2 with its stan-
dard symplectic structure ω (the one for which both spheres have equal ar-
eas). More precisely, one can identify (up to rescaling the symplectic forms)
the interior of (T, η) with the complement of the diagonal ∆ in (S2×S2, ω).
This has the following consequence: let D2 be the group of diffeomorphisms
ψ of S2×S2 such that ψ|∆ = id and which act trivially on the normal bun-
dle ν∆. Then D2 is w.h.e. (weakly homotopy equivalent) to D. Similarly,
the subgroup S2 ⊂ D2 of those ψ which preserve ω is w.h.e. to S.
Consider the larger group D1 ⊃ D2 of oriented diffeomorphisms of S
2 × S2
which are equal to the identity on ∆, and the subgroup S1 ⊂ D1 of those
which are symplectic. Let G be the group of gauge transformations of ν∆
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as an oriented vector bundle, and Gs ⊂ G the subgroup of symplectic gauge
transformations. These topological groups form a commutative diagram
with exact rows:
1 // S2 //

S1 //

Gs //

1
1 // D2 // D1 // G // 1
(1)
Lemma 3. Let ex : G
s −→ SL2(R) be the evaluation at some point x ∈ ∆.
ex is a w.h.e.
Proof. Let Gu ⊂ Gs be the subgroup of unitary gauge transformations. Gu
is a deformation retract of Gs, and Gu0 = G
u ∩ ker(ex) is a deformation
retract of ker(ex). Now G
u
0 is homeomorphic to the space Mapb(S
2, S1) of
smooth based maps S2 −→ S1. Therefore pii(G
u) ∼= pi0(Mapb(S
2+i, S1)) ∼=
H1(S2+i) = 0 for all i ≥ 0. This proves that Gu0 , and hence also ker(ex), is
weakly contractible.
Lemma 4. Let ι ∈ S1 be the involution of S
2 × S2 which interchanges the
two factors. Then the discrete subgroup {id, ι} ⊂ S1 is a deformation retract.
We postpone the proof of this Lemma to the end of the note. Note that the
two components of S1 are distinguished by the action on homology.
Proof of Theorem 1. We use the long exact sequence of homotopy groups
induced by the top row of (1). Lemma 3 and Lemma 4 imply that pii(S2) = 1
for i > 1. For i = 0 one obtains a short exact sequence
1 −→ pi1(G
s) ∼= Z
∂
−→ pi0(S2) −→ pi0(S1) ∼= Z/2 −→ 1.(2)
Let ∆ = {(x,−x) : x ∈ S2} ⊂ S2×S2 be the antidiagonal. Its complement
carries the Hamiltonian S1-action ρ(t)(x, y) = (Rtx+y(x), R
t
x+y(y)), where
Rtξ ∈ SO(3) denotes the rotation with axis ξ/|ξ| and angle t. The moment
map of ρ is µ(x, y) = −|x+ y|. Choose an r ∈ C∞(R,R) with r(t) = −pi for
t ≤ 1/2 and r(t) = 0 for t ≥ 1. Define τ ∈ S2 by
τ(x, y) =
{
(y, x) |x+ y| ≤ 1
2
,
ρ(r(|x+ y|))(x, y) otherwise.
Since τ |∆ = ι|∆ reverses the orientation of ∆, τ acts nontrivially on homol-
ogy. Hence [τ ] ∈ pi0(S2) maps to the nontrivial element of pi0(S1). τ
2 can
be deformed to the identity map by a path (hs)0≤s≤1 in S1, e.g.
hs(x, y) =
{
(x, y) |x+ y| ≤ 1
2
,
ρ(2s(pi + r(|x+ y|))) otherwise.
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The derivative of hs along ∆ is a rotation of ν∆ with angle 2pis. It follows
that [τ ]2 = ∂(r) where r ∈ pi1(G
s) is a generator. In view of (2) this shows
that pi0(S2) ∼= Z, with [τ ] as a generator.
In the terminology of [5] τ is the generalized Dehn twist along the Lagrangian
sphere ∆. Since we can identify int(T ) with S2×S2\∆ in such a way that ∆
corresponds to the zero-section Z ⊂ T ∗S2, it follows that pi0(S) is generated
by the generalized Dehn twist along Z.
Proof of Corollary 2. Consider the diagram of induced maps
1 // pi1(G
s) ∼= Z
∂
//
α1

pi0(S2) ∼= Z //
α2

pi0(S1) ∼= Z/2
α3

pi1(D1) // pi1(G)
∂′
// pi0(D2) // pi0(D1).
α3 is injective, and since G
s is a deformation retract of G, α1 is an iso-
morphism. It remains to show that ∂′ = 0, or equivalently, to find a loop
(λt)0≤t≤1 in D1 whose action on ν∆ is a generator of pi1(G). Such a loop is
given by λt(x, y) = (R
2pit
y (x), y).
Proof of Lemma 4. A map ψ ∈ D1 can act on H2(S
2 × S2) in two ways:
either trivially or, like ι, by interchanging the two generators. Let D+ ⊂ D1
be the subgroup of those ψ which act trivially, and S+ the corresponding
subgroup of S1. It is sufficient to show that S+ is contractible. To do this we
use an argument due to Gromov [3, 2.4.A1] (see [1] for further applications
of this kind of argument). Let J be the space of those ω-compatible almost
complex structures on S2 × S2 whose restriction to T∆ agrees with that of
the standard complex structure J0. There is a map A : S+ −→ J given by
A(φ) = φ∗(J0). Gromov’s argument provides a map B : J −→ S+ such that
B ◦A = id; since J is contractible, this proves that S+ is also contractible.
Recall that any J ∈ J determines, through its pseudo-holomorphic curves,
a pair (F1,F2) of two-dimensional symplectic foliations of S
2 × S2, which
are transverse to each other. The leaves of these foliations are two-spheres
whose homology class is A1 = [S
2 × point] resp. A2 = [point × S
2]. Since
∆ is J-holomorphic and [∆] · Ai = 1, any leaf of F1 or F2 intersects ∆
transversely in a single point. It follows that there is a unique φ ∈ D+
which maps F1 and F2 to the two standard foliations of S
2 × S2 by two-
spheres. φ is not symplectic, but since φ∗ω is tamed by J , one can use
Moser’s technique to deform φ into a symplectic automorphism φ′; this can
be done in such a way that φ′ ∈ S+. Since φ = φ(J) depends smoothly on
J , one can arrange that φ′ = φ′(J) also depends smoothly on J , and that
φ′(J) = φ(J) for all those J for which φ is already symplectic. Then one
defines B by B(J) = φ′(J).
Remark 5. The higher-dimensional analogue of the problem which we have
considered presents some potentially more subtle features. Let Tn be the
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bundle of unit discs in T ∗Sn, and Sn the group of symplectic automorphisms
of Tn which are the identity near the boundary. Using a generalization of the
argument in [5] it can be shown that pi0(Sn) contains a class [τ ] of infinite
order. However, there is a possible source for elements other than powers
of [τ ]. The group pi0(Diff
+(Sn)), which is isomorphic to the group of exotic
(n+1)-spheres for n ≥ 4, acts on pi0(Sn) by conjugation, and it is not known
whether this action preserves [τ ].
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